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Attitude dynamics of a solar sail are described relative to an orbiting local-vertical/local-horizontal frame under
the influence of aerodynamic, solar, and gravity-gradient torques. The complete set of equilibria of the sail normal
vector in local-vertical/local-horizontal is described as a function of sailcraft spin rate and orbit and sailcraft design
parameters. These equilibria enable orbit-rate coning of the sail normal that is useful for changing orbit parameters
using solar thrust. Lyapunov stability properties of the equilibria are analyzed, providing conditions for stable
equilibria. Feedback control is considered for stabilization and additional damping, enabling any of the equilibria to
be asymptotically stabilized. This approach enables long-term thrust-vector control in the presence of large
environmental torques for significant orbit-parameter variation over time. An example of a 3 kg microsailcraft is
used to illustrate the equilibrium and stability conditions and the performance of the attitude control.

Nomenclature

A = planet-centered inertial frame (X, y, and 2)

A, = sail area, m?

a = orbit semimajor axis, m .

B = intermediate sailcraft-centered frame (I, m, and
n)

o = sailcraft body-fixed frame (p, g, and 7)

Cp = ballistic coefficient of drag

fs = specular reflectance fraction

Ah, = inertial angular momentum vector of C about
the sailcraft center of mass, N-m-s

1 = identity tensor

1, = principal sailcraft moment of inertia about sail
normal, kg - m?

I = sailcraft moment-of-inertia tensor about the
sailcraft center of mass, kg - m?

17 = principal sailcraft moment-of-inertia transverse
to sail normal, kg - m?

L = local-vertical/local-horizontal orbit frame (7, 0,
and 0)

n, n, = sail normal unit vector, nominal equilibrium
normal vector

P = solar pressure, N/m?

r. = sailcraft c.p.—c.m. offset, m

S = sailcraft-to-sun unit vector

Vi, Vs, = Lyapunov function components

Vi, Vi, Vi

v = sailcraft velocity relative to the atmosphere, m/s

B = cone half-angle of the sail normal 7 in L, rad

8, = vector of deviations of 7 orthogonal to 7,

n = planetary gravitational constant, m?/s?

P = atmospheric density, kg/m?
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= positive moment coefficients due to
aerodynamic, solar, and gravity-gradient
torques, N - m

tam7 ‘ESITU ‘Egm

¢ = clock angle of the sail normal 7 in L, rad

W, ¥, ¥, = aerodynamic, solar, and gravity-gradient
potentials, N - m/rad

w, = component of “w . along the sail normal 7,
rad/s

W = equilibrium value of w,, rad/s

wr = component of 4@ , orthogonal to 7, rad/s

, = orbit angular velocity, rad/s

N = component of “w; along 71, rad/s

Aw, = angular velocity vector of C as seen in A, rad/s

1. Introduction

PACECRAFT missions such as asteroid surveys, high-

inclination solar orbits, and comet rendezvous place enormous
demands on conventional chemical propulsion systems. Solar sails
have been proposed [1,2] for interplanetary propulsion missions
requiring large delta-V and for exotic long-duration non-Keplerian
orbits. These missions typically demand very slow thrust-vector
reorientation maneuvers, even with time-optimal trajectory planning
[3], and have only solar environmental attitude-disturbance torques
(due to sail shape aberrations). Slow reorientations enable the sail
to be regarded as inertially pointed, as far as attitude dynamics and
control are concerned, and a variety of both nonspinning and
spinning attitude control methods have been proposed for these
missions [4-8].

Although it is an important part of many missions, solar sail
operation near planetary bodies is less studied, and this produces
additional attitude control disturbances due to the gravity gradient
and atmospheric drag. For example, maximum solar torque magni-
tude on a particular microsailcraft in Earth orbit (see Sec. V) is
essentially constant with orbit altitude, at about 10~> Nm. Gravity-
gradient torque is inversely proportional to orbit radius cubed, but
has maximum magnitude on the order of solar torque in low orbits,
becoming relatively insignificant (less than 1%) only above an
altitude of about 20,000 km altitude. Aerodynamic torques are expo-
nentially decaying with increasing altitude, dominating (greater than
10 times) both solar and gravity-gradient magnitudes below 500 km,
equaling them at about 700 km, and becoming relatively insignificant
(less than 1%) above 2000 km.

Uses for solar sails in such proximity to a planet include mission
segments such as escape and capture/deorbit. Primary mission
modes include long-term orbit maintenance (e.g., to maintain sun
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synchronicity or to counter the effects of drag) as well as major orbit
variations [9]. Indeed, Earth escape was the subject of the earliest
technical work in solar sailing [10—12]. And the first experiments,
Cosmos I and Nanosail-D [Q],§ absent launch vehicle failure, were
intended to investigate orbit-raising and deorbit capabilities,
respectively. In addition, the high cost of large-scale science
missions (typically in the range of millions of dollars per kilogram of
instrument payload) provides a significant incentive to investigate
the potential for small (and mini-, micro-, or nano-) satellite missions
that operate, initiate, or terminate in low orbits. Considerable
advances have been made in structures, avionics, power, and
communication systems, but full realization of the potential cost
advantages of small satellites will require fundamental advances in
propulsion systems. Miniature sailcraft provide a tantalizing
opportunity.

Attitude control of solar sails is challenging in the planetary-
disturbance environment. Sailcraft are designed to maximize area-to-
mass ratio for the highest lightness factor [1] (or acceleration),
resulting in greatly magnified forces due to solar radiation pressure
(desired) and aerodynamic drag (undesired). Resulting environ-
mental torques are therefore very sensitive to the c.p.—c.m. offset,
which is difficult to predict due to uncertainties in the gossamer-
structure deployed shape [14] and shape changes due to solar and
aerodynamic pressure-loading [4,8,15,16]. Although solar and
aerodynamic torques are usually considered in attitude control, these
have been among the smallest disturbances in conventional
spacecraft and typically do not drive the design of either the control
actuators or the algorithms. The large sailcraft area also tends to push
mass properties toward that of a flat plate, resulting in significant
gravity-gradient torques.

If the sail is to be inertially pointed throughout the orbit, high-rate
spin stabilization can reduce attitude deviations due to orbit-periodic
disturbance components. However, spin can only reduce the secular
precession rate due to constant disturbance components, and control
torques must cancel them to maintain long-term inertial pointing.
More often, the sail must be repointed periodically during the orbit,
making high-rate spin stabilization counterproductive. It would
seem, then, that control torques must be sufficiently large to domi-
nate the environmental disturbances and must be correspondingly
long-lasting. Periodic components could be provided by reaction
wheels, but the long periods imply a large momentum-storage
capacity and correspondingly large wheels. Constant components
could be provided by reaction jets, with an attendant fuel mass
penalty and limit on mission life. Long-duration control torque could
be provided by magnetic moments, provided that the planet has a
significant magnetic field, or by modulating solar or aerodynamic
torque, via changes to the sailcraft c.m.—c.p. offset. Unfortunately,
these persistent control torques are limited in direction and are often
relatively small in magnitude.

Instead of opposing environmental disturbance torques, this paper
describes an approach that employs them to produce desirable sail
pointing motions. This greatly reduces the requirements on control
torque and may provide lower cost and lower mass penalty for
operating solar sails in planetary proximity. This approach may also
enable unprecedented size and cost reductions in solar sailcraft,
catering to the demands of low-cost spacecraft applications that
initiate or terminate in low Earth orbit. The idea is to operate the sail
in the neighborhood of natural pointing equilibria in the local-
vertical/local-horizontal (LVLH) orbiting frame: points at which no
control torque is required. Control torque is then only necessary to
asymptotically stabilize such equilibria and is only persistent against
errors in modeling the environmental torques. Such equilibria were
first identified for the gravity-gradient case (no solar or acrodynamic
torques) and are called Thompson [17] and Likins—Pringle equilibria
[18,19]. These equilibria require the spacecraft to be spinning slowly
at certain rates, with the spin-axis aligned with the orbit normal in the

“Data available online at http://www.planetary.org/programs/projects/
innovative_technologies/solar_sailing/ [retrieved 29 February 2009].

SData available online at hitp://www.nasa.gov/mission_pages/smallsats/
nanosaild.html [retrieved 14 December 2008].

Thompson case and with the spin-axis precessing (i.e., coning) at
orbit rates in the Likins—Pringle case.

We extend this equilibrium analysis to include both solar and
aerodynamic torques, describing the compete set of equilibria in
LVLH as a function of spin rate, sailcraft parameters, and orbit
characteristics. We also characterize their Lyapunov stability and
propose control laws to asymptotically stabilize any of these
equilibria. Related work has primarily considered only the gravity-
gradient torque equilibria and their stability, for which there is
extensive literature going back to 1957 [20,21], concerning rigid and
flexible spinners, gyrostats, and nutation damping methods. More
limited [22] are investigations combining aerodynamic and gravity-
gradient [23,24] or solar and gravity-gradient torques [25,26]. A
hybrid aerodynamic-solar stabilization method for elliptic orbits has
appeared [27], with aerodynamic torques used near perigee and solar
torques used near apogee.

Despite the classical nature of this area, no comprehensive study of
the simultaneous action of all three environmental sources on
purposeful coning motion has appeared, owing to the unique (and
only recently studied) properties and applications of solar sails.
Indeed, solar sail coning to influence orbit parameters may constitute
the first operational use of Likins—Pringle-type equilibria, for which
the practicality for conventional spacecraft has been questioned [21].
Side benefits of spinning operation may include reducing lightness
factor (using centripetal tensioning instead of structural mass) and
averaging the effects of sail shape aberrations.

When used with a solar sail that is spun about the normal to the sail
surface, inertial coning of the sail normal at orbit rates produces
useful effects on orbit parameters. Consider the case of an orbit plane
nominally perpendicular to the sun vector [12]. Fixing the sail normal
in LVLH with a component in the negative orbit velocity direction
produces a solar thrust component in the positive velocity direction,
increasing orbit energy continuously over time. In the microsailcraft
example in Earth orbit, a perfect 40 m? sail at 1 AU from the sun
produces a maximum solar radiation thrust of approximately
3.6 x 107* N. With a 3 kg microsailcraft, this produces an
acceleration of 0.12 mm/s2. Accounting for the component of this
acceleration along the orbit velocity, the maximum solar delta-V is
about 0.3 m/s per orbit at a 1000 km altitude, resulting in an increase
in the semimajor axis of about 0.6 km per orbit, or about 8 km per
day. Conversely, if the sail normal has a component along the orbit
velocity direction, solar thrust has a component opposing orbital
velocity, and the sailcraft orbit spirals inward, providing a positive
deorbit capability.

Orienting the sail normal in the radial or antiradial directions
produces an effective change in the gravitational constant, enabling
formation flight among spacecraft at different orbit radii. Orbit-
inclination changes and/or nodal precession occur when the
component of the thrust force oriented perpendicular to the orbit
plane changes during the orbit, causing an orbit-average precession
of the orbit momentum vector. Likewise, eccentricity changes occur
when the component of thrust in the plane of the orbit changes during
the orbit. These effects can be obtained by half-orbit switching
between the LVLH equilibria described here, similar to the original
orbit-raising approach [10] and others [9] for low-inclination orbits.
Alternatively, a smoother operation would be to cone the sail normal
using natural periodic motion at other than orbit rate [26], similar to
the orbit-raising approach of [11,28]. Orbit precession is beyond the
present scope; only orbit momentum-magnitude changes via orbit-
rate coning are considered in this paper.

For interplanetary trajectories, coning of the sail normal can be
used to modulate solar thrust magnitude with zero torque [29], in
contrast to dithering or orbiting [30] to shed excess thrust, providing
increased trajectory controllability [31].

Section II describes key reference frames and attitude dynamics,
based on the relevant assumptions on orbit and sailcraft para-
meters. Section III combines environmental torques with spin-axis
precession dynamics to describe the complete set of attitude
equilibria in LVLH, identifying operational modes in which the
sailcraft can be operated with zero control torque. Rigorous
conditions for Lyapunov stability of these equilibria are provided in


http://www.planetary.org/programs/projects/innovative_technologies/solar_sailing/
http://www.planetary.org/programs/projects/innovative_technologies/solar_sailing/
http://www.nasa.gov/mission_pages/smallsats/nanosaild.html
http://www.nasa.gov/mission_pages/smallsats/nanosaild.html

976 LAWRENCE AND WHORTON

Sec. IV. We show explicitly how equilibrium stability depends on
sailcraft and orbit parameters, enabling feasibility analyses and
sailcraft/mission design studies. Section V considers the addition of
damping control that makes these conditions necessary and ensures
asymptotic stability. A complete picture of equilibrium existence and
stability as a function of sailcraft spin rate is then given in the form of
a bifurcation diagram. We show explicitly how equilibria can be
created and destroyed by simply modulating spin rate and how
classifying all equilibria and their stability enables a global behavior
characterization. The addition of a control potential and associated
orientation-dependent control torque is then considered, providing
the ability to asymptotically stabilize any of the original equilibria.
Robustness of this approach to nonideality is also examined via
simulation.

II. Sailcraft Dynamics
A. Reference Frames

Several different reference frames will be used to develop the
sailcraft dynamics. Frame A is an Earth-centered inertial frame with X
and y in the equatorial plane, Z normal to the equatorial plane, and x
along the vernal equinox. Frame L is the LVLH frame, with 7 in the
orbit radial direction, 9 along the sailcraft velocity vector, and 0
aligned with the orbit angular momentum. Frame C is fixed in the
sailcraft body, with 7 normal to the plane of the sail and p and g lying
in the plane of the sail. Frame B differs from C only in rotation about
7, to be described subsequently. Figure 1 illustrates these frames.

B. Equations of Motion

For the purposes of this paper, the sailcraft will be assumed to be a
rigid body with a uniform, flat, square sail and a sailcraft center of
mass located a distance r, along 7, due to portions of the spacecraft
bus located out of the sail plane. The c.p.—c.m. offset r, scales the
aerodynamic and solar environmental torques; its importance as a
design parameter is discussed later. As a result of this geometry, the
sailcraft moment-of-inertia tensor I; has principal axes p, ¢, and 7,
and due to the symmetry about 71, frame B is also a principal frame.
We define I, as the principal moment of inertia about 7, and we
define I as the principal moment of inertia about any transverse
principal axis. Typically, the bus is located near the plane of the sail,
making the overall inertia tensor similar to that of a flat plate [32], and
sol, ~2I;.

Although a sailcraft will be nonrigid by conventional spacecraft
standards, the orbit element control application using coning motions
produces very smooth low-frequency environmental torques, on the
order of orbit frequency, and only requires closed-loop settling times
on the order of several orbits. In contrast, attitude stability of a
flexible solar sail with much faster settling times can be problematic
[33]. Here, the disturbance frequencies and control system
bandwidths are on the order of 10~* Hz, and sail lowest structural
modes are likely [16,34] to be in the range of 10~ to 10~2 Hz for full-
size vehicles, and even higher for smaller variants, justifying the
rigid-body treatment from a control-structure-interaction viewpoint.
Quasi-static effects of sail deformation due to pressure-loading are
also important in attitude dynamics, because they cause the center of
pressure and center of mass of the sailcraft to vary with attitude
[15,16]. As these are secondary effects on sailcraft torque as a

Fig. 1  Reference frames used to develop sailcraft dynamics and
performance simulations.

function of attitude, the analysis here focuses on the ideal (flat) case.
Robustness to these perturbations is considered via simulation
studies.

With the inertial angular momentum vector of the body (frame C)
as “h, the inertial angular velocity vector of the body as “ ., net
external torques 7, and “h. =1 4@, we have the sailcraft
dynamics

Ad ¢d
aA czfzaAhc"‘A“’chhc
€d
=1 g toc+ o x (I e M
hence,
Bq
T = Is 'aAwC + AwB X (Ir .ch) (2)

because I is fixed in C and B. We define frame B such that the
relative velocity “wp of B as seen in L is zero along 71, and so B
describes the tip and tilt of the sailcraft normal 7 with respect to the
LVLH frame L. Additional sailcraft spin about 7 relative to L is
purposefully not included in B, because this does not affect the force
vector produced by the sail, due to sail symmetry about 1. With 4@,
given by the orbit rate w, 0, we have the inertial spin about 71 given by

w,=h-twc=i-(‘o, + 0z + o) ?3)
Also define
o, =n-Pw, )
and
w, =h-t0, =w,0-n 3)
Then
w, =0, + 6)

Frames B and C differ only in a rotation about n. Without loss of
generality, we take B to be aligned with C at the initial time epoch .
Taking advantage of the symmetric mass properties, partition

Awpg=wr+ o i
where w7 = (I —7i171) - “wp. (I is the identity tensor, and 7 71 is
dyadic notation [32], used for a coordinate-free development.) Then

I, Y0.=Lor+Lo,h @)

and

Yoy x (I -Awe) = (@7 + 0 1) X (o7 + T,w,h)

= (0,1, — o Ir)or x it (®)

This results in the dynamics in terms of transverse (orthogonal to 7)
and normal (along 71) components:

B

d A
Trzlrawr"‘(wnln_aﬂ]r)wrx” )

1, =10, 10)

III. Precession Equilibria

Ideally, the sail normal 7 is fixed in the L frame, producing inertial
coning of 71 at orbit rates. To see if this can be produced by the natural
aerodynamic, solar pressure, and gravity-gradient torques, we seek a
balance between these orientation-dependent torques and the
precession of the sailcraft angular momentum. This is in contrast to
the approach in [7], in which constant control torque is necessary to
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oppose solar pressure torques in an orbit-raising orientation in
LVLH.

Suppose 71 is fixed in L, then B is also fixed in L by definition of the
B frame (‘@ - i = 0). Then ‘w5 = 0. Conversely, if Lw ; = 0, then
Bis fixedin L, and 71 is fixed in L. When this holds, “w ;, = @, and
SO

Bg, _'d,

ar (1)3—5 (OF3 zawnézo (11)

because 0 is fixed in L and w, is constant (a reasonable assumption,
because sail forces slowly change the semimajor axis, and hence the
orbit period, compared with the orbit rate and the sail attitude
motions). Then4w . = 4w, + w,n. From Eq. (10), if torque along /1
is zero, then w, = w; + w, is constant (hence, w, is constant), and

B4, s
i ®; dtwjn (12)

Using this in Eq. (2), Eq. (9) becomes
Tr = (0,0, —w Ip)or x 7 (13)

Because the aerodynamic and gravity-gradient torques are most
naturally specified in L coordinates (see Sec. III.A), we develop the
right-hand side of Eq. (13) in these coordinates as follows. Describe 7
in the L frame in terms of a cone angle B and a clock angle ¢, as
shown in Fig. 2. We have the description

i = —(sin Bsin@)7 + (sin B cos @) + (cos B)o (14)

L

Because “w; =0,

wr=I-nn) w,0=w,(0—cospn)

® 7 X 1 = —w, sin B(cos ¢r + sin ¢pv)
and
w, =w,0-n=w,cosf

Thus, for 71 and w, to remain fixed in L, normal torques must be zero
and transverse torques must satisfy
T = —(w,l, + w, cos B(I, — I7))w, sin B(cos ¢r + sin ¢v)
(15)

Using Eq. (6), this becomes
T =—(w,1, — w,I cos B)w, sin B(cos p7 + singd)  (16)

A. Environmental Torques

The aerodynamic torques 7, on the sailcraft depend [21,35] on the
orientation of the sail normal 7 relative to the aerodynamic force
vector, which is approximately directed along the sailcraft velocity
vector v, resulting in

=

Fig. 2 Cone and clock angles of the sail normal 7 relative to the LVLH
frame L.

Ta="— am|i}ﬁ|i}><ﬁ amn

where 7, = 1/2r,pCp1*A, > 0 is the aerodynamic moment
coefficient. Using Eq. (14) and noting that 8 € [0, ] (forces can
impinge on either the front or the back of the sail), we obtain

T, = — T,y Sin B| cos ¢|(cos B7 + sin B sin ¢0) (18)

Similarly, solar torque 7, depends [21,35] on the orientation of 7
relative to the sailcraft-to-sun vector §:

T, =—Ty|S-AlS X7 (19)

where 7, = r.(1 — f,)PA; > 0 is the solar moment coefficient.
More complex models can be used [2,14] for the optical properties,
although the simple model captures the principal effects. Higher-
order variations can be considered as perturbations. Assuming that
the orbit is normal to the sun (i.e., § = 0), we have

T, = Ty, sin B| cos B|(cos ¢r + sin ¢v) (20)

Orbit—sun vector misalignment can be a significant effect and is
treated as a perturbation in Sec. V.D.
Gravity-gradient torques t, are given by [21,35]

Mo
=Sl (1, )] @D

Tg
Write
I,=Inn+I;(I—nn)=U,—I;)nn+I;1 (22)

and use w, = +/1/a> to obtain
T, =30}, — I)(F- D)F X i (23)
This results in

T, = 37, sin B sin ¢(cos B — sin B cos ¢p6) (24)

8
where the gravity-gradient moment coefficient

Tm:w%(ln_IT)zo

gl

depends on sailcraft mass properties and orbit radius.

B. Equilibrium Spin

For the net torque T = 7, + 7, + 7, to satisfy Eq. (16), we have
three simultaneous equations from the three vector components, and
the inertial spin w,, can be freely chosen. The solution for equilibrium
spin w,,, must satisfy the following:

For the 7 component,

— (wpol, — w, Iy cos B)w, sin B cos ¢

= —1,, sin B cos B| cos P| + 1, sin B| cos B cos ¢ (25)
For the ¥ component,
— (Wyol, — W, I cos B)w, sin B sin ¢

= Ty, Sin B cos B sin @ + 37, sin B cos Bsin ¢ (26)
For the 0 component,

0 = —1,,sin*B| cos @| sin ¢ — 37,,sin’ B cos g sin 27)

A given cone $ and clock ¢ angle orientation of 7 in L is an
equilibrium solution to the attitude dynamics if a spin rate @,,, exists
to satisfy the preceding three equations for arbitrary values of ,,,,
Tems 1n» I7, and w,. Cases in which equilibrium occurs due to
particular relationships between these parameters are excluded,
because this would require specific orbit and sailcraft properties that
would be unlikely to occur in practice. Equilibria are classified as
follows.
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For type I with sin 8 = 0, 7 is inertially pointed, and hence there is
no coning. This corresponds to conventional spin stabilization, with
inertial spin rate w,,,. All three constraints are satisfied for any ¢ and
any ®,,. Type LA with § = 0 has orbit normal pointing. Type L.B
with 8 = 7 has antiorbit normal pointing.

For type II with cos 8 = 0, 7 lies in the plane of the orbit, and the
sail is edge-on to the sun (no solar thrust), rotating in the inertial
frame about an axis in the plane of the sail at orbit rate. This requires
,, = 0andcos ¢sin ¢ = 0. Type II.A with sin ¢ = 0 has velocity or
antivelocity pointing. This provides maximum aerodynamic drag
that can be used to ensure that the sailcraft deorbits in a reasonable
time, mitigating orbital debris concerns. Type II.B with cos¢ =0
has nadir or antinadir pointing. This may be useful for viewing the
deployed sail from ground telescopes or for ground observation by
onboard instruments.

Type III with cos Bsin B # 0 requires cos ¢ sin¢ = 0. The sail
normal cones in the inertial frame at orbit rate, and solar thrust is
produced. For type IILLA, sing =0. Type IILLA.1 with ¢ =0
produces a component of the solar thrust vector in the antivelocity
direction, reducing orbit energy, hence reducing the orbit semimajor
axis a. This requires the equilibrium spin rate

00 = 2P @3l 4t rasigncos ) (8)

n*“o

Type III.A.2 with ¢ = m produces a component of solar thrust in the
velocity direction, increasing orbit energy and a over time. This
requires a spin rate

0= P @31yt~ sien(eos ) @9)

n*o

Type II1.B with cos ¢ = 0 produces a component of solar thrust in the
radial or antiradial directions. The required spin rate is

cos
wno = 1 a)

n*“o

(w3l — 3Ty — Tmsign(cos B)) (30)

The complete set of equilibria is shown in Fig. 3.

Any particular equilibrium shown in Fig. 3 can be obtained by
suitable selection of the spin rate w,,. Conversely, selection of the
spin rate w,,, produces particular (usually, several) equilibria, with
corresponding values of B and ¢. Although behavior in the
neighborhood of a desired equilibrium is characterized by the
stability properties of that equilibrium (discussed in Sec. [V), global
behavior will depend on the existence and stability of any other
(potentially undesired) equilibria.

From the preceding conditions, two type I equilibria exist for all
,,, type Il exist only for w,,, = 0, and type III exist only for w,, in
the intervals between zero and

Fig. 3 Equilibria of the sail normal 72 in the LVLH frame L: type I
(triangles), type II.A (small circles), type ILB (squares), type IIL.A.1
(medium gray line), type III.A.2 (black line), and type IIL.B (light gray
line).

2
wolT + Tam — Tsm

31
ol (31a)
for type IIL.A.1 with cos § > 0.
m (31b)
woln
for type IILLA.1 with cos 8 < 0.
a)?)lT — Tam — Tsm (31C)
a)(}Iﬂ
for type III.A.2 with cos 8 > 0.
—0)317- + Tam — Tsm (31d)
wl)lﬂ
for type III.A.2 with cos B < 0.
w%IT - 3Tgm — Tsm (316)
wDI”L
for type IIL.B with cos 8 > 0.
-2l + 3Tom — Tom 316

woln

for type IIL.B with cos 8 < 0.

Thus, if a type I equilibrium is desired, w,, can be chosen to be
sufficiently large (or small) so that no other types of equilibria exist.

As w,, decreases from large values, other equilibria bifurcate into
existence. Note that at least one of the intervals in each pair is
negative, due to the —t;, offset. If any of the upper boundaries of the
intervals (31) are positive, as w,, enters the upper boundary,
equilibria are born at | cos 8| = 1 and move toward cos § = 0, and
the equilibrium becomes type II as w,, becomes zero. As w,,
becomes negative, type Il equilibria become type 11l again and move
toward | cos B| = 1 with the opposite sign. The equilibrium ceases to
exist as w,,, crosses the lower threshold of the interval of existence.
For interval pairs with zero upper boundaries, equilibria bifurcate
into existence in pairs at cos 8 =0 as w,, crosses zero, and both
move toward | cos 8| = 1 with opposite signs, ceasing to exist as w,,,
crosses the lower threshold of the respective interval of existence.

A maximum of 10 equilibria may exist for any particular value of
w,, (two for type I; two each for type IIL.A.1, type IIL.LA.2, and
type IILB with ¢ = 7/2; and type IIL.LB with ¢ = —n/2). Six exist
when w,,, = 0 (two for type I, and two each for types II.A and IL.B).

Orbit and sailcraft design choices affect the parameters t,,,, gy,
and 7, influencing the set of feasible equilibria. The ¢.p.—c.m. offset
on the sailcraft scales t,,, and T, relative to t,y,. The case of a zero
c.p.—c.m. offset was treated in [29], in which gravity-gradient torque
37, was also assumed to be zero (approximated by a sailcraft in a
solar orbit in which w, is very small). This produces 7, = 7, =0,
and the 3t,,, gravity-gradient term disappears from Eq. (30), leaving
the two type I equilibria and (possibly, depending on w,,,) a single
remaining equilibrium satisfying

cos I
Wyy = Ji wﬁ w%IT = w, Cos ﬂ I_T (32)

n*“o n

where w, in this case is the desired coning rate of the sail normal, not
the orbit rate.

For circular planetary orbits, with a zero c.p.—c.m. offset, the
gravity-gradient torque 37, reappears in Eq. (30), but 7,,, and 7,
remain zero in Eqs. (28-30). The type I equilibria in this case were
first analyzed by Thompson [17]. Types III.A.1 and A.2 equilibria
have the same conditions as Eq. (32), but type IIL.B equilibria are
distinguished by a different w,,. These equilibria are also well
known in this case and are referred to as Likins—Pringle equilibria
[18,19], with type III.A denoted as hyperbolic, because the spin-axis
appears to trace a hyperboloid in inertial space as the spin axis moves
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with the spacecraft along the orbit. Similarly, type III.B has been
denoted as conical, due to the set described by the spin axis in A along
the orbit. Both are described here as coning in A, because the spin
axis traces a cone in A when A remains centered at the sailcraft center
of mass.

When the c.p.—c.m. offset is nonzero, but the orbit is high relative
to the planet’s atmosphere, t,, becomes nonzero in type III
equilibrium conditions. This produces additional equilibria, owing to
the | cos B| dependence in the solar torque. If the c.p.—c.m. offset and
sail area are small enough, 7, < w21, and type IIL.A equilibria exist
with both prograde and retrograde inertial spin w,, with respect to
w,. Otherwise, w,, is nonpositive (retrograde). Similarly, w,, has
both signs for type II.B equilibria when t,,, < w2y — 3Tym, and w,,,
is nonpositive otherwise.

For lower orbits, atmospheric torques become significant, and the
T, terms in type II1.A equilibrium conditions enlarge the intervals of
existence. Type III.B equilibrium existence is unaffected.

IV. Stability of Equilibria

Stability of an equilibrium can be determined by studying
linearized dynamics, provided that the equilibrium is hyperbolic
[36]. Because of the absence of damping, many of the equilibria in
this system have center manifolds (neutrally stable linearizations);
hence, the linearized stability analysis is inconclusive. Also, analytic
stability conditions are complicated by eigenvalue determination.
Instead, we take a direct Lyapunov approach, which provides
sufficient analytic conditions for stability. Our strategy for finding a
suitable Lyapunov function is motivated by Hughes [21], although
we use a coordinate-free approach that provides a more transparent
development. Also, the B frame used here is similar, but not the same
as the stroboscopic frame S used there. More significantly, we
include the effects of aerodynamic and solar environmental torques
on stability, in addition to the gravity-gradient potential.

A Lyapunov function candidate is constructed in two parts,
corresponding to the kinetic energy of the spacecraft relative to a
desired equilibrium condition and to the potential energy from the
aerodynamic, solar, and gravity-gradient torques:

Vi=Ywg -1 - Loy (33)

VZ = "Ija + lIJs + lIJg + lI'I)c + %In(a)s - a)x())z
TP (34)

Clearly, the kinetic term V is zero when the B frame is fixed in L. The
v, ¥, and ¥, terms are potential functions that describe the
aerodynamic, solar, and gravity-gradient torques as functions of the
sail normal 7 attitude as follows:

W, = 3Tym(1 —sign(7 - D) (7 - D)%) (35)
U, =g, (1 —sign(i - 5)(7A - 5)%) (36)
Y, =305((1, — Ir) (7 - )* + Ir) (37

where W, and the quadratic term in “w are extra terms needed to
account for the noninertial reference for the kinetic energy in V;, and
W, is chosen to cancel a particular term, as discussed later:

qj,\' = _woa)soln6 ‘il (38)

Note that the ‘@, term in Eq. (34) appears to be kinetic, but is
actually a potential because ‘@, = w,0 is inertially fixed, and so this
term depends on the variation in the inertia tensor I as the
orientation of 7 varies:

_%A"’L I 'A“’L = _%a)?)((ln —I;)(0-1)? + 1) (39

Likewise, the w, — w,, term is actually a potential, because

(a)s - ww)z = (5 : (ﬁa - ﬁ))2 (40)

and 7, is the equilibrium orientation corresponding to the spin rate
w,,. V, is a constant that depends on the equilibrium for which the
stability is to be analyzed (so that V, is zero at the equilibrium of
interest).

The external torques (17), (19), and (21) are obtained from
Eqgs. (35-37), respectively, via

v
Ixn 41
Ta= 57 41D
T, = B\Iis X i 42)
on
ow
T,=—2%xn 43)
& on

The Lyapunov function candidate is then V =V, 4+ V,, and we
compute its time derivative as follows. First, we rearrange V into the
two terms

Va = %L(‘)B : Ix : LwB + %Ina)g - %AwL : Is : AwL (44)

Vb = ‘"Ila + "Ijs + \pg + \le - wxwwln + %Inwzo + Va (45)

Because L@ = Lw, + w,#, and these two components are always
orthogonal by definition of the B frame, we have

— 1L L 1A A
Vi=57w0c I "o =30, I;- "o, (46)
Because Lo, =10, — 2w,
—1A A A A
Vo,=Yoc I, %0oc—"oc 1, "0, 47)

Taking the time derivative of the scalar V, with respect to the C frame
(any frame may be used, because V, is scalar) and noting that I is
fixed in C, we obtain

Cd C

d d
aVl,=(*‘a)C—Aa)L)-Is-a/‘wc—*‘wc-IS‘E*‘(‘)L (48)

Using the sailcraft dynamics (1) for the derivative in the first term,
and expressing the derivative in the second term relative to the L
frame yields

d
aVﬂ =lw. (T—20.x (I, "0w)) + 2o I Co. x,)
49)
With the vector identity a - (b x ¢) = ¢ - (a x b) we obtain
d
—V,= Lw . -1 50
@ c (50)

For V,, substitute w, = w, — ,0 - i in Eq. (45), and use Eq. (38) to
cancel the resulting w,,,1,0 - i term. Then

d, %, k. 0w, M 0w, M. 0w, M
dt' "~ oh dr 90 dt o dt 95 dr
v, Ld ow, Ld d
8. " p S " r_w. I — 1
an i or dr” @so ”dtw” Gb

Because 0, 5, and 7 are fixed in L, the second, fourth, and sixth terms
in Eq. (31) are zero. Because 7 is fixed in C, writing the L frame
derivatives in terms of the C frame derivatives and using the vector
identity a- (b x ¢) = —b - (a x ¢) results in
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A v v
jtvb:_LwC'( a A+ s ~

X A XH——2XxF]—w Iia)
on on or oty "
(52)

Substituting the expressions (41-43) for the constituents of t and
noting that these torques are always orthogonal to 71, and so w,, is
constant from Eq. (10), we arrive at this rather remarkable result:

d d
Ev_dt(v,mtv,,)_o (53)

Hence, V is a constant of the motion under the solar, aerodynamic,
and gravity-gradient torques. In retrospect, it is perhaps not
surprising that this system should have a Hamiltonian function V that
is conserved, because it is a rigid body with conservative aero-
dynamic, solar, and gravity-gradient fields. The complication of
finding an appropriate V arises from the use of a noninertial reference
frame L in which to measure relative kinetic energy. This relative
formulation works as long as frame L has an angular velocity vector
4w, fixed in the inertial frame A.

Given Eq. (33), if V is a positive-definite function of L@, and
deviations of 7 from 71, in a neighborhood of 0 and 71,,, respectively,
then the equilibrium in L is Lyapunov stable [37]. Because I is
positive definite, Eq. (34) is a positive-definite function of ‘@, and
so the only question is whether the potential function V, in Eq. (34) is
positive definite in deviations of 7 from 7,,.

Consider the case of equilibrium type I.A characterized by 8 =0
(orbit normal pointing for n). Let i deviate from the equilibrium
i, = o0 as follows:

Ai=(1—-e€0+3, (54)

where the deviation vector §,, is orthogonal to 71, given in this case by
8, =80+ 8,7. To preserve unity magnitude, (1—¢€)’=
1 =36, -8, This implies

€ =361 + &) + 018, (55)
The arguments of the potential terms in Eqs. (35-39) are then
n-v=4 n-o=1—¢e¢ n-r=46,

Inserting these into V, and expanding to second order in the deviation
|8, | results in

1
V2 = 5 (Tam - w127(1n - IT) - 20)0(1)”,[” + 20)1271T)
82
+ 71 (_TamSign(Sl) + Tsm + Cl)g (In - IT) + wua)soln)
5
+ ?(tsm + 40)?}(171 - IT) + wowsoln) + 0|5n|3 (56)

Thus, this equilibrium is Lyapunov stable if the quadratic deviation
coefficients are positive. Using Eq. (6), the condition becomes

— T + Tom — @217 + 0,,0,1, >0 and 7
Ty + 3021, — 40217 + w,,0,1, > 0

The second condition is implied by the first (When I, > I), so thata
large-enough spin w,, stabilizes this equilibrium for any orbit
altitude, mass properties, and aerodynamic and solar torques.

A similar argument for type I.B equilibrium leads to the sufficient
condition

_Iam_fsm_a)%[T_a)nowoln >0 (58)

for Lyapunov stability. Here, a sufficiently negative (retrograde) spin
w,, ensures stability. A spinning solar sail operating in the
neighborhood of a type I equilibrium was considered in [4,8],
although no aerodynamic forces were included. The solar torques
were also considered to be constant in the body frame, independent of
attitude, and so stability of this equilibrium could not be investigated.

For type Il equilibria, the same approach is used, except that these
require that w,, = 0 at equilibrium. The sufficient conditions for
Lyapunov stability are as follows.

Type I1.A.1 is the velocity pointing of 71,,:

Tam — Tom + @507 >0 and 7,y + 374, >0 (39)
Type 11.A.2 is the antivelocity pointing of 7,,:

— Tyn — Tsm + @2l >0 and  — 1y + 374, >0 (60)

Type ILB is the nadir or antinadir pointing of n,:

— Tgm — 3Tgm + w2l; >0 and —1,, — 3Tym >0 1)
Note that Eq. (61) cannot be satisfied, and Egs. (59) and (60) are
affected oppositely by aerodynamic drag, but both are destabilized
by a sufficiently large solar torque.

The same approach can be taken for type III equilibria, except that
to ensure the sign functions in Egs. (35) and (36) do not change on
a neighborhood under consideration, sufficiently small deviations
about the equilibrium are required. When the equilibrium conditions
are substituted for w,,, terms linear in the deviations cancel, leaving
quadratic terms that are positive under the following conditions:

For type IIL.A.1, where ¢ = 0,

Tam — TanSIgN(OS(B)) + @iy >0 and Ty + 374 >0 (62)
For type III.A.2, where ¢ = 7,

— Tam — Tamsign(cos(B)) + w2l; >0 and  — T,y 4 37y, >0

(63)
For type II.B, where cos(¢) =0,

— Tyn — 3Tgn + @3 >0 and  — 1 — 374, >0 (64)
Note that Eq. (64) cannot be satisfied, and Eqgs. (62) and (63) are
again oppositely affected by aerodynamic torque. It is interesting to
note that the solar torque is destabilizing for equilibria in which
cos 8 > 0, but it is stabilizing for cos § < 0. Aerodynamic torque is
destabilizing, except for type III.A.1 and type II.A.1 equilibria.

Because Eqgs. (58—64) are only sufficient conditions for stability,
failure does not imply instability. In the next section, control is
applied to provide damping, which enables sharper Lyapunov
stability results to be obtained, as well as asymptotic stability. The
addition of a control potential term is also discussed, which enables
any of the equilibria in L to be stabilized.

V. Feedback Control
A. Spin Rate Control

From Eq. (10), spin rate @, can be controlled independently by the
application of control torque 7, along 7. On a sailcraft, these torques
can be produced by a pinwheel configuration of sail sectors, as in the
heliogyro [38] or T-bar [7] concepts. If the spin rate is only rarely
changed in the mission, conventional thrusters may suffice.

Given that highly precise pointing is not required for most sailcraft
missions (and this would be difficult to accomplish in the presence of
sail shape variations) and that the equilibrium orientation is a
continuous function of spin rate w,, from Sec. III, a simple
proportional spin rate control is suggested:

Tn = ka‘(a)no - wn) (65)

This causes spin rate error w,, —w, to decay to zero at the
exponential rate e~*/™)" because Eq. (65) in Eq. (10) produces a
linear system with the characteristic polynomial s + &, /1,,.

B. Damping Control

Torques transverse to the sail normal can be produced by
conventional thrusters or momentum-exchange devices, although
these may be inappropriate for long-term use on solar sails, due to the
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mass of expendable fuel or the large momentum capacity required
[4,8,29]. Solar and aerodynamic control torques use variation in the
c.p.—c.m. offset, requiring no fuel or momentum storage. Concepts
for conventional spacecraft have used movable reflective or drag
panels [23-25,27], and solar sail concepts have used a portion of sail
approach is to move mass in the sailcraft relative to the sail (e.g., by
mounting the sailcraft bus on a gimballed mast [4,8,40] or by
translating ballast masses ). Our interest here is the fundamental
effect of applying damping control torques transverse to the sail
normal, and so details of various torque actuation methods are not
pursued. Consider the simple proportional damping control law
relative to the desired equilibrium in L:

T, =—klte, k;>0 (66)

When added to the external torques 7 in Eq. (50), this control
produces

%V =—ky(twp + wc) fop=—kjoy-twg (67)

because fw . is orthogonal to “@j. We can now use the LaSalle
invariance principle to clarify the stability properties of equilibria in
L. First, because V < 0 and the potential component V, is lower-
bounded (due to 7 being confined to the unit sphere §? C R?), V; is
upper-bounded beginning at any initial state. Because V; is a
positive-definite function of L, these state components are also
bounded. Note that because “ , is zero along 7, this angular velocity
vector evolves in the plane normal to 72. Thus, there exists a compact
set €2 of states

(twy, i) € R? x §?

that is positively invariant. By LaSalle (see, for example, [37]), the
state converges to the largest invariant set such that V =0in Eq. (67)
(i.e., Lw = 0). From Sec. 111, this implies that the system state must
converge to an equilibrium in L. At any such equilibrium, V; =0,
and so V=V,. If V, is positive definite in deviations §, at an
equilibrium and V,, = 0 by choice of constant V,, then there exists an
€ > O such that V, < € does not contain any other equilibria. The set
of states satisfying V < € is then positively invariant, V, < € after
the initial time, and the equilibrium contained in this set is
asymptotically stable.

We exclude the possibility that the inequalities (58-64) are
violated with equality, because this would require precise
relationships between parameters that would be unlikely in practice.
Then failure of these inequalities implies that not only is V, not
positive definite at the equilibrium in question, but that there exist
orientations 7 arbitrarily close to the equilibrium orientation 7,, for
which V, < 0. Beginning at this orientation with zero relative
velocity (V; = 0), the state will converge to an equilibrium in which
V is no larger than its initial value and V; =0. Hence, V, at a
convergent equilibrium is upper-bounded by its initial value. The
convergent equilibrium must therefore be one of the other equilibria,
and the equilibrium in question is unstable. This shows that the
sufficient conditions for Lyapunov stability in Sec. IV (assuming that
equality in the conditions is excluded) become necessary and
sufficient when the damping control law (66) is applied. Stable
equilibria are also then asymptotically stable.

Because Eqgs. (61) and (64) cannot be satisfied (for the oblate
1, > I mass properties assumed for the sailcraft), any equilibria that
exist on the light gray line in Fig. 3 are always unstable under
Eq. (66). Those on the other lines may be stable or unstable,
depending on the orbit and sailcraft design parameters.

Consider specifying a spin rate ,, that is larger than the largest
upper limit in Eq. (31). Then there exist only two equilibria (both
type I): the stability condition for type I.A (in which 7 aligned with 6
is satisfied) and the stability condition for type LB (in which 2
aligned with —o is not satisfied). Therefore, type I.B equilibrium is
unstable. By the center-manifold theorem [36], this equilibrium may
have a stable manifold, but it has a dimension less than that of the

state space R? x S?; hence, the set of initial states that can converge to
this unstable equilibrium is thin (i.e., has measure zero in R> x S?).
All other states converge to the stable equilibrium. Therefore, the
stable type I.A equilibrium is essentially globally asymptotically
stable (e.g.a.s.), implying that the sailcraft will reach this equilibrium
in practice from any initial state, because any disturbance will
prevent the state from remaining on a thin stable manifold leading to
the unstable equilibrium.

The required spin rate can be acquired by a preliminary spin-up
control law that produces torques with 7 components. Thereafter,
only the transverse torque damping law (66) is needed to guarantee
final spin with 7 aligned with 0. Similarly, 7 alignment along —o6 can
be guaranteed by a suitably negative preliminary spin w,,. This
operational mode may be useful for initial attitude acquisition after
launch vehicle separation or as a parking mode for safe, long-term,
low-power operation. However, solar thrust is normal to the orbit,
and no change in orbit parameters due to sail thrust can occur.

Type III.A.2 equilibria produce solar thrust in the orbit velocity
direction, resulting in an increase in the orbit semimajor axis over
time. For high orbits in which 7, < 37, Eq. (63) requires a small
c.p.—c.m. offset for cos 8 > 0 equilibria to be stable, which may be
difficult to guarantee in the presence of sail shape variations. The
cos 8 < 0 equilibria are more robust, in that a large c.p.—c.m. offset is
possible, and the required equilibrium spin can be correspondingly
large in magnitude, producing more angular momentum to resist
torque disturbances from sail shape variation. However, this attitude
has the sailcraft normal pointed in the antisun hemisphere, requiring
appropriate design of the sail reflective surface and location of solar
arrays on the backside.

The type III.A.1 equilibria produce solar thrust in the antivelocity
direction, reducing the semimajor axis over time. For the high orbits,
slightly different equilibrium spins are required, and the stability
conditions are only slightly different from those of type III.A.2.
Hence, it may be difficult to ensure that the desired case is obtained
from an distant initial attitude.

For lower orbits in which 7, > 37,,,, types II.A.2 and IIL.A.2
equilibria are always unstable, but types II.A.1 and III.A.1 are stable
for large-enough t,,,,. This supports a reliable deorbit mode, in which
cos 8 becomes smaller as t,,,, becomes larger, producing more drag
(aerobraking), and hence larger t,, and smaller cos 8, eventually
aligning n with the velocity vector as cos 8 goes to zero.

Figure 4 shows an example bifurcation diagram that indicates the
existence and stability of equilibria based on the conditions given in
Secs. IIL.B and IV, as a function of the inertial equilibrium spin rate
®,,, normalized by the orbit rate w,. Equilibria with black lines are
stable, and those with gray lines are unstable. The + and —
designations correspond to the sign of cos . Circle and square
markers for type II equilibria correspond to those used in Fig. 3.

1ILB.2- — 1
a
ILB.2+1 1
IILB.1-F — 1
o
ILB.1+[ 1
TILA2-r — 1
MLA2+[ 1
LA 1-F o 1
LA 1+ — 2
1B
LA
-3 =25 -2 -15 -1 =05 0 0.5 1 1.5

Normalized Inertial Spin Rate (l)m/(x)0

Fig. 4 Bifurcation diagram showing existence and stability of all
equilibrium types as a function of the normalized inertial spin rate
®,,/®, for a particular sailcraft and orbit design. Black equilibria are
stable and gray are unstable.
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Sailcraft and orbit parameters used in this example are as follows.
The sail is square, flat, with a 40 m? area, 1.7 kg mass, and a bus of
1.3 kg mass located such that the sailcraft center of mass is offset
r. = 9.5 cm from the sail plane along the sail normal 7. This stems
from a design in which the sail is deployed from a 3U CubeSat [41]
with a total mass of 3 kg. The sailcraft is in a 700-km-alt circular polar
orbit, designed to approximate a sun-synchronous orbit with adawn—
dusk orientation of orbit nodes. This places § approximately along o.
Mean atmospheric density for this altitude [35] was assumed.

Note that there are only two equilibria for w,,/w, > 0.72,
corresponding to n aligned with o (type LA, stable) and 7 aligned
with —o (type LB, unstable). The type I.A equilibrium is therefore
e.g.a.s. Figure 5 shows how the sail normal propagates in simulation
using MATLAB’s ODE113 integrator.

For an orbit-rasing equilibrium (type III.A.2), with 7 in the sun-
pointing hemisphere (e.g., cos B = 0.524 rad), we need w,/w,=
—1.036. From Fig. 4, the system has only one stable equilibrium,
again making it e.g.a.s. (i.e., except for initial states on the other
equilibria, a set of measure zero). Unfortunately, the desired orbit-
rasing equilibrium is unstable, and the sail normal is attracted to
the orbit-lowering equilibrium with 7 in the anti-sun-pointing
hemisphere, as shown in Fig. 6.

C. Potential Control

To stabilize an unstable equilibrium, consider adding the follow-
ing control potential to V,:

\yc = kp(l - Slgn(ﬁ . ﬁo)(ﬁ : ﬁo)z) (68)

Following the approach in Sec. IV, the time derivative of this
potential is

%\pc = _kawC : (ﬁ X ;lo)m . ﬁo' (69)

and this must be added to the V,, found earlier, resulting in a nonzero
V. However, adding a second control torque

Tr2=kp(;l Xﬁo)":iﬁol (70)

in Eq. (50) produces a new term in V, that cancels with the new
term (69) in V,, preserving V = 0 in Eq. (67). The same LaSalle
arguments for stability still apply, but the positive-definiteness of
V, about the equilibrium orientation 71, is now strengthened by the
additional stiffness produced by the control potential W.. In
particular, carrying out the deviation analysis as in Sec. IV results in
an additional k, term added to the left-hand side of all the stability

Fig. 5 Simulation of the sail normal 7 propagation in the LVLH frame
L for an essentially globally asymptotically stable type I.A equilibrium,
corresponding to ®,,/w, = 1.5 in Fig. 4. Simulation begins with 7
oriented 0.001 rad away from the unstable equilibrium at 8 = = rad
(circle) and converges to the equilibrium at =0 (square) in
approximately 14 orbits. Damping gain k, = 3 x 10~ Nms/rad.

no

-0.5 4

Fig. 6 Simulation of the sail normal 72 propagation in the LVLH frame
L for beginning near an unstable type III.A.2 equilibrium, corresponding
to w,,/w, = —1.036 in Fig. 4. Simulation begins with 7 oriented 0.01 rad
away from the unstable equilibrium at 8 = 0.524 and ¢ = & rad (circle)
and converges to the stable equilibrium at § =2.06 and ¢ =0 rad
(square) in approximately 8 orbits. Damping gain k, =3 x 103
Nms /rad.

conditions in Sec. IV. Thus, a large-enough (positive) k, exists, via a
large-enough control gain k, in Eq. (70), to cause V, to be positive
definite at any of the equilibria in L, yielding asymptotic stability in
conjunction with Eq. (66). The stability conditions can also be used
to find the minimum potential gain to stabilize a given equilibrium
(e.g., to minimize requirements on control actuators). This stiffness
control law effectively produces torques in response to errors in the
cone B and clock ¢ angles relative to the desired equilibrium
orientation. Figure 7 shows how this can stabilize the desired orbit-
rasing equilibrium discussed earlier.

Note that the additional control torque 7, in Eq. (70) is zero at the
equilibrium attitude (7 = 1,), and so this additional control stiffness
does not upset the conditions for equilibrium spin w,, from Sec. 111
for a given desired equilibrium orientation (8, and ¢,). However, it
does change the equilibrium equation at other orientations; that is, it
may be able to eliminate (or create) other equilibria.

D. Control Robustness

In this section, we consider various nonideal conditions and their
effects on equilibrium location and stability. First, if a desired inertial
spin rate w,, is selected on a boundary of the interval of existence
[Eq. (31)], then errors in achieving w, = w,,, or uncertainties in the

-1

Fig. 7 Simulation of the sail normal 72 propagation in the LVLH frame
L using a control potential in addition to damping, for n beginning near
the (formerly stable) type II1.A.1 equilibrium in Fig. 6 (circle). The orbit-
raising equilibrium is now stable, and 7 converges to 8 = 0.524 and
¢ = m rad (square) in approximately 5 orbits. Damping gain k; = 3 x
103 Nms/rad and the potential gain k, = 1 x 10~ Nm/rad.
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parameters T,y,, Ton» @, 1,,, OF I can cause the equilibrium of interest
to vanish. Otherwise, equilibrium location is a continuous function of
the spin rate and the parameters. Stability of types Il or IIl equilibria is
not a function of ,,, but is a function of the parameters. Stability of
type L is also a function of w,,, however, and so w,,, must be selected
away from the stability boundaries to obtain robust stability of (one
of) these two equilibria.

If the orbit normal 0 is not aligned with the sailcraft-to-sun vector
S, then § cones in the L frame at orbit rates, causing a periodic torque
that eliminates equilibria in the L frame. However, the strong
attraction to a desired orientation 7, in L due to the stiffness and
damping control laws makes the system robust to this perturbation
torque. Similarly, specifying a desired inertial spin rate w,,, that is
incorrect for the parameters t,,,, Ty, ®,, 1, Or I causes the desired
orientation 7, in L to no longer be at an equilibrium. The control
law provides continuous torque to offset this disturbance from 7,
pointing. Figure 8 shows the case of Fig. 7 with a large orbit
precession (40 deg in right ascension) of 0 away from sun pointing
and a desired spin rate w,, that is 50% too large. The resulting
pointing error has an offset of approximately 4 deg and an orbit-
periodic ripple of less than 2 deg, demonstrating very good
robustness to these large perturbations. The control torques in this
case dominate the environmental torques.

If the orbit misalignment is reduced to 10 deg and the potential
gain is reduced to 2 x 107>, with an initial condition at a cone angle
of zero (e.g., when transitioning from a type I parking mode), we see
that environmental torques dominate at steady state, greatly reducing
the requirements on actuator torque magnitude (Fig. 9).

The control torques 7., and 7, may introduce errors due to
inaccurate sensing or inaccurate actuation. Actuation using sail c.p.—
c.m. offset is perhaps the greatest source of error due to uncertainties
in sail shape. Robustness to this error was investigated by
introducing a misalignment of the control torque in the body frame.
Figure 10 shows the effects of a 6 deg rotation of torque in the
transverse plane and a 6 deg tilting of the torque away from the sail
normal in C frame coordinates. The case has the same conditions
as Fig. 8, except the damping gain has been increased to
5 x 1073 Nms/rad. The system is sensitive to torque misalignments
at low damping gains because the contraction effect is small. In this
case, a steady-state orbit-periodic ripple in orientation error exists
with an amplitude of approximately 10 deg peak—peak. Larger
damping gains reduce this ripple. Figure 11 shows the environmental
and control torques for this case.

Note that in the case of large perturbations, the control torques
once again dominate the environmental torques, and a steady-state
torque ripple occurs due to both orbit misalignment and body-frame
control-torque errors. Despite the large disturbances, a strong-
enough attraction to the equilibrium occurs to maintain reasonable

no

Fig. 8 Propagation of 72 in the LVLH frame L using the same control
gains as in Fig. 7, but with o0 precessed 40 deg away from s, and with a
desired inertial spin rate o, thatis 50 % too large. The view in the L frame
is reversed for clarity, and a different initial condition is also shown.
Motion converges to the close vicinity of the desired orbit-raising attitude
in about 4 orbits.
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pointing of 71 to produce orbit-raising solar thrust. Also, the dominant
frequency content of these torques is less than 5 x 10~ Hz (periods
greater than a one-third orbit), which is likely to be more than 1 order
of magnitude below the lowest structural resonance mode frequency,
mitigating concerns about control—structure interaction.

VI. Conclusions

Solar sail propulsion enables a large class of missions for both
large and small spacecraft. For small-satellite applications, mass
associated with attitude control is an especially significant factor in
the system design. Whereas conventional control systems are
typically sized to reject the environmental disturbances such as
aerodynamic torques and gravity-gradient torques, these torques can
be much larger for solar sails, due to the large area-to-mass ratio for
which they are designed. Mass-efficient attitude control does not
have the capability to oppose these large torques over reasonable
spacecraft lifetimes. This paper has shown that these environmental
torques can be fortuitously employed, together with appropriate spin
dynamics, such that thrust-vector pointing control can be achieved
for a virtually unlimited duration.

This capability relies on operating the sailcraft near equilibrium
points at which environmental torques balance momentum
precession. The complete set of pointing equilibria in the local-
vertical/local-horizontal frame was described, along with their use in
various sailcraft operational modes of interest and their dependence
of their existence on orbit and sailcraft parameters. Conditions for
Lyapunov stability of these equilibria were also derived. The
addition of a particular type of damping control produces asymptotic
stability and corresponding necessary and sufficient conditions on
the system parameters. The addition of a control potential was shown
to provide orientation stiffness that can stabilize any of these
equilibrium points.

This control approach was also shown to be robust against several
likely imperfections in sailcraft operation: coning of the sun vector in
LVLH, inaccurate balance between environmental torques and
momentum precession, and misaligned control-torque vectors due to
sail shape uncertainty. Other nonidealities such as elliptic orbits and
the use of magnetic control torque will be investigated in a
subsequent paper.

Knowledge of possible equilibria and their stability properties
provides useful data for mission and sailcraft design. The
corresponding control theory also enables rational decisions
concerning the need for active control and provides a means to
estimate the required actuator and sensor requirements.
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